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Rationalising the Denominator 

 
Things to remember: 
 

¶ To rationalise the denominator, find an equivalent fraction where the denominator is rational 

¶ Multiply the numerator and denominator by the surd that is a factor of the denominator 

¶ For a denominator in the form ὥ ὦЍὧ, multiply the numerator and denominator by ὥ ὦЍὧ 
 
Questions: 
 

1. a) Expand and simplify ς υЍσ ς υЍσ 
 
 
 
 
 
 
 

éééééééééééééé 
(2) 

 b) Rationalise the denominator 
Ѝ

Ѝ
 

 
 
 
 
 
 
 

éééééééééééééé 
(2) 

(Total 4 marks) 

2. Rationalise and simplify 
Ѝ

Ѝ
 

 Give your answer in the form ὥ ὦЍυ where ὥ and ὦ are integers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 



4   Contents ƀ 
 

3. Show that 
Ѝ

Ѝ
 can be written as τ Ѝσ 

 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 

4. Show that 
Ѝ

Ѝ
 can be written as Ѝσ 

 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 

 

5. Show that 

Ѝ
Ѝ

 can be written as 
Ѝ

 

 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 
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6. Show that 

Ѝ

 can be written as σ Ѝσ 

 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 

 

7. The area of a rectangle Ѝρςυ cm2 

 The length of the rectangle is ς Ѝυ cm 
 Calculate the width of the rectangle. 

 Express your answer in the form ὥ ὦЍυ where ὥ and ὦ are integers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 4 marks) 
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Algebraic Proof 

 
Things to remember: 
 

¶ Start by expanding the brackets, then factorise. 

¶ Remember the following: 
o ςὲ Ą even number 
o ςὲ ρ Ą odd number 
o ὥὦὲ ὧ Ą multiple of ὥ 
o Consecutive numbers are numbers that appear one after the other. 

 
Questions: 
 
1. In a list of three consecutive positive integers, at least one of the numbers is even and one 

of the numbers is a multiple of 3 
ὲ is a positive integer greater than 1 

Prove that ὲ ὲ is a multiple of 6 for all possible values of ὲ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(Total 2 marks) 
 
2. Prove that ςὲ σό ςὲ σό is a multiple of 8 for all positive integer values of ὲ 
  
   
 
 
 
 
 
 
 
 
 
  
  
  
  
  
  

(Total 3 marks) 
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3. Prove algebraically that ςὲ ρό ςὲ ρ is an even number for all positive integer 
values of ὲ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

(Total 3 marks) 
 
4. Prove algebraically that the difference between the squares of any two consecutive integers 

is equal to the sum of these two integers. 
  
  
  
  
  
 
 
 
 
 
 
 
  
  
  
  

(Total 4 marks) 
 
5. Show that when ὼ is a whole number χςὼ ρ φὼ σ is always a multiple of 5 
  
  
  
 
 
 
 
  

 
 
 
 
 

(Total 3 marks) 
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6. Prove that ὲ ρό ὲό ὲ ρό σὲό ς 
  
  
  
  
  
  
 
 
 
 
 
 
  
  
  
  

(Total 3 marks) 
 
7. The product of two consecutive positive integers is added to the larger of the two  

integers. 
Prove that the result is always a square number. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

(Total 3 marks) 
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Upper and Lower Bounds 

 
Things to remember: 
 

¶ Calculating bounds is the opposite of rounding ï they are the limits at which you would 
round up instead of down, and vice versa. 

 

 
 
Questions: 
 

1. Ὅ   

 ὠ ςσπ correct to the nearest 5 
Ὑ σχππ correct to the nearest 100 

Work out the lower bound for the value of Ὅ  
Give your answer correct to 3 decimal places.  
You must show your working. 

 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 

 
2. The value of ὴ is 4.6  

The value of ή is 0.7 
Both ὴ and ή are given correct to the nearest 0.1 

ὶ ὴ
ρ

ή
 

Work out the upper bound for ὶ.  
You must show all your working. 

 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 3 marks) 
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3. Ashley travelled from Grantham to Barton 
He travelled 220 miles, correct to the nearest 5 miles.  
The journey took him 185 minutes, correct to the nearest 5 minutes. 
Calculate the lower bound for the average speed of the journey.  
Give your answer in miles per hour, correct to 3 significant figures.  
You must show all your working. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé mph 
(Total 5 marks) 

 
4. ὥ is 7.8 cm correct to the nearest mm  

ὦ is 5.9 cm correct to the nearest mm 
    

Calculate the upper bound for ὧ  
You must show your working. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé cm 
(Total 4 marks) 
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5. ά  
Ѝ

 

 ί ςȢφχ correct to 3 significant figures 
 ὸ χȢψστ correct to 4 significant figures 
 By considering bounds, work out the value of ά to a suitable degree of accuracy.  

Give a reason for your answer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 5 marks) 

 

6. ὥ   

 ὦ ρȢςυ correct to 3 significant figures 
 ὧ ψȢω correct to 2 significant figures 
 Ὠ τ correct to 1 significant figure 

 By considering bounds, work out the value of ὥ to a suitable degree of accuracy.  
Give a reason for your answer. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
(Total 5 marks) 
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Equations of Circles and their Tangents 

 
Things to remember: 
 

¶ The general equation of a circle is ὼ ὥό ώ ὦό ὶό, where ὥȟὦ is the centre and ὶ 
is the radius 

¶ To calculate the equation of the tangent: 
o Calculate the gradient of the radius of the circle 
o Calculate the gradient of the tangent of the circle (they are perpendicular!) 
o Substitute the given coordinate and the gradient of the tangent into ώ άὼ ὧ to 

calculate the ώ-intercept 
 
Questions: 
 

1. The equation of a circle ὅ, with centre ὕ, is ὼό ώό ρππ 
 
a)  Find the coordinates of the centre ὕ. 

 
 

éééééééééééééé 
(1) 

b)  Find the radius of ὅ. 
 
 

éééééééééééééé 
(1) 

c)  Show the point ψȟφ lies on ὅ. 
 
 
 
 
 
 

(2) 
(Total 4 marks) 

 
2. A circle ὅ has centre ὕ 

The points ὃ πȟχ and ὄ πȟχ lie on the diameter of ὅ. 
 

a)  Find the coordinates of the centre ὕ. 
 
 

éééééééééééééé 
(1) 

b)  Write down the equation of the circle. 

 
 
 
 

éééééééééééééé 
(1) 

(Total 3 marks) 
3. Write down the equation of the circle. 
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éééééééééééééé 
(Total 2 marks) 

 
4. Draw the circle ὼ ώ ω 
 

 
(Total 2 marks) 
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5. The diagram shows the circle ὼ ώ ςω with a tangent at the point (2, 5) 
 

 
 

a)  Find the gradient of the line OP. 
 
 
 
 

éééééééééééééé 
(1) 

b)  Find the gradient of the tangent 
 
 
 
 

éééééééééééééé 
(1) 

c)  Find the equation of the tangent 
 
 
 

 
 
 
 
 
 

éééééééééééééé 
(2) 

(Total 4 marks) 
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6. A circle has the equation ὼ ώ υ 
 
a)  Write down the coordinates of the centre of the circle. 

 
 

éééééééééééééé 
(1) 

b)  Write down the exact length of the radius of the circle. 
  
 

éééééééééééééé 
(1) 

ὖ is the point ρȟς on the circle ὼ ώ υ 
 

c)  Work out the equation of the tangent to the circle at ὖ. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

éééééééééééééé 
(4) 

(Total 6 marks) 
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Quadratic and Other Sequences 

 
Things to remember: 
 

¶ Fibonacci sequences are where you add the previous two terms to get to the next term 

¶ Geometric sequences have a common ratio, ie. the term-to-term rule is to multiply by a 
constant 

¶ To calculate the ὲth term of a quadratic sequence: 
1. Calculate the first difference 
2. Calculate the second difference 

3. Work out the ὲό coefficient by dividing the second difference by 2 

4. Compare the original sequence to ὥὲ 
5. Calculate the ὲth term of the difference 

6. Write the quadratic ὲth term 
 
Questions: 
 
1. Here are the first five terms of a sequence. 

 
2 8 18 32 50 

   
a)   Find the next term of this sequence. 

 
 
 

éééééééééééééé 
(1) 

The nth term of a different sequence is σὲ φ  
 
b)   Work out the 5th term of this sequence. 

 
 
 
 

éééééééééééééé 
(1) 

(Total 2 marks) 
 
2. A sequence has the first four terms 
   
  3 12 48 192 
 
 a) Find the common ratio for this sequence. 
 
 

éééééééééééééé 
(1) 

 b) Find the next term in the sequence. 
 
 

éééééééééééééé 
(1) 

(Total 2 marks) 
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3. Here are the first six terms of a Fibonacci sequence. 
 

1           1           2           3           5           8 
 

The rule to continue a Fibonacci sequence is, the next term in the sequence is the sum of  
the two previous terms. 
 
a)   Find the 9th term of this sequence. 

 
 
 

éééééééééééééé 
(1) 

The first three terms of a different Fibonacci sequence are 
 

ὥ   ὦ  ὥ ὦ 
 

b)   Show that the 6th term of this sequence is σὥ υὦ 
 
 
 
 
 
 

(2) 
Given that the 3rd term is 7 and the 6th term is 29, 

 
c)   find the value of ὥ and the value of ὦ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ὥ  éééééééééééééé 
 

ὦ  éééééééééééééé 
(3) 

  (Total 6 marks) 
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4. Here are the first three terms of a geometric sequence. 
 Find the positive value of ὼ 
 
  τ ὼ ςὼ ρς 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
 (Total 4 marks) 

 
 
 
5. Here are the first 5 terms of a quadratic sequence. 
 

1           3            7           13           21 
 

Find an expression, in terms of ὲ, for the ὲth term of this quadratic sequence. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé 
  (Total 3 marks) 
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6. This expression can be used to generate a sequence of numbers: ὲ ὲ ρρ 
 

a)  Work out the first three terms of this sequence. 
 
 
 

éééééééééééééé  
(2) 

b)  Show that this expression does not only generate prime numbers. 
 
 
 
 
 
 
 
 
 

(2) 
(Total 4 marks) 

 
7. A quadratic sequence starts 
 
  -8 2 16 34 
 
 a) Show that the ὲth term is ςὲ τὲ ρτ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(4) 
 b) Hence find the term that has value 272 
 
 
 
 
 
 

éééééééééééééé  
(2) 

(Total 6 marks) 
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Functions ï Inverse and Composite 

 
Things to remember: 
 

¶ ώ Ὢὼ means that ώ is a function of ὼ 
¶ Ὢὥ means the value of ὼ is ὥ, so substitute ὼ with ὥ 
¶ The graph of the inverse is the reflection of the graph in the line ώ ὼ 
¶ We find the inverse function by putting the original function equal to ώ and rearranging to 

make ὼ the subject 

¶ We use the notation Ὢ ὼ for the inverse function 

¶ When a function is followed by another, the result is a composite function 

¶ ὪὫὼ means do Ὣ first, followed by Ὢ 
 
Questions: 
 
1. Given that Ὢὼ ςὼ σ find: 

 
a)  Ὢυ 
 

éééééééééééééé  
(1) 

b)  Ὢ σ 
 
 

éééééééééééééé  
(1) 

(Total 2 marks) 
 
2. Given that Ὢὼ ςὼ τ and Ὣὼ σὼ υ 
 

a)  Find ὫὪσ 
 
 
 

éééééééééééééé  
(2) 

b)  Work out an expression for Ὢ ὼ 
 
 
 
 
 

éééééééééééééé  
(2) 

c)  Solve Ὢὼ Ὣὼ 
 
 
 
 

éééééééééééééé  
(2) 

(Total 6 marks) 
3. The function Ὢ is such that Ὢὼ τὼ ρ 
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a)   Find Ὢ ὼ 

 
 
 
 
 

éééééééééééééé  
(2) 

The function Ὣ is such that Ὣὼ Ὧὼ where Ὧ is a constant. 
Given that ὪὫς ρς 

 
b)   Work out the value of Ὧ 

 
 
 
 
 
 
 
 
 
 

Ὧ  éééééééééééééé  
(2) 

  (Total 4 marks) 
 
4. Ὢὼ σὼ ςὼ ψ 

Express Ὢὼ ς in the form ὥὼ ὦὼ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
  (Total 3 marks) 

 
5. Given that Ὢὼ ὼ ρχ and Ὣὼ ὼ σ 
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a)  Work out an expression for Ὢ ὼ 

 
 
 
 
 
 
 

éééééééééééééé  
(2) 

b)  Work out an expression for Ὣ ὼ 
 
 
 
 
 
 
 

éééééééééééééé  
(2) 

c)  Solve Ὢ ὼ Ὣ ὼ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(4) 

(Total 8 marks) 
 
6. The functions Ὢ and Ὣ are such that Ὢὼ ρ υὼ and Ὣὼ ρ υὼ 
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a)  Show that ὫὪρ ρω 

 
 
 
 
 
 
 
 
 

éééééééééééééé  
(2) 

b)   Prove that Ὢ ὼ Ὣ ὼ π for all values of ὼ 
 
 
 
 
 
 
 
 
 
 
 
 

 
(3) 

(Total 5 marks) 
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7. Given that Ὢὼ σὼ ρ and Ὣὼ ὼ 
 

a)  Find ὪὫὼ 
 
 
 
 
 
 
 
 

éééééééééééééé  
(2) 

b)  Work out an expression for ὫὪὼ 
 
 
 
 
 
 
 
 

éééééééééééééé  
(2) 

c)  Solve ὪὫὼ ὫὪὼ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(3) 

(Total 7 marks) 
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Graphs of Trigonometric Functions 

 
Things to remember: 
 

 
 
Questions: 
 
1. Sketch the graph of ώ ÃÏÓὼЈ for π ὼ σφπ 

 
(Total 2 marks) 
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2. Sketch the graph of ώ ÔÁÎὼЈ for π ὼ σφπ 

 
(Total 2 marks) 

 
3. Sketch the graph of ώ ÓÉÎὼЈ for π ὼ σφπ 

 
(Total 2 marks) 
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4. Here is a sketch of the curve ώ ÓÉÎὼЈ for π ὼ σφπ 

 

 Given that ÓÉÎσπЈ  write down the value of: 

 
i) ÓÉÎρυπЈ 

 
éééééééééééééé  

ii)  ÓÉÎσσπЈ 
 

éééééééééééééé  
(Total 2 marks) 

 
5. Here is a sketch of the curve ώ ÃÏÓὼЈ for π ὼ σφπ 

 
Use the graph to find estimates of the solutions, in the interval π ὼ σφπ, of the equation: 
 
i)  ÃÏÓὼ πȢσ  

 
éééééééééééééé  

ii)  τÃÏÓὼ σ  
 

éééééééééééééé  
(Total 4 marks) 
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Expanding Triple Brackets 

 
Things to remember: 
 

¶ Expand one pair of brackets first, then simplify, then multiply by the third set of brackets 

¶ Make sure you collect like terms together carefully, looking out for negative numbers 
 
Questions: 
 
1. Expand and simplify ὼ ρ ὼ σ ὼ τ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(Total 3 marks) 

 
2. Expand and simplify ὼ ς ὼ τ ὼ ρ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(Total 3 marks) 
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3. Expand and simplify ςὼ ρ ὼ ς  
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(Total 3 marks) 

 
4. Show that ςὼ ρ σὼ ς ὼ ρ φὼ υὼ σὼ ς for all values of ὼ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(Total 3 marks) 

 
5. Show that ςὼ σ ὼ τ υὼ ς ρπὼ ςρὼ χπὼ ςτ for all values of ὼ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

éééééééééééééé  
(Total 3 marks) 
















































































